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The concepts of “transversal identifying Latin squares” and Latin squares with 
“like subsquares” are introduced. The transversal identifying property permits the 
determination of orthogonality in computing time which is proportional to the cube 
of the order of the Latin square instead of the fourth power. Searching for sets of 
mutually orthogonal Latin squares with like subsquares also greatly reduces 
computing time. We have obtained orthogonal sets of sizes equal to the current 
lower bounds for n= 12. 15, 20, and 21 and have increased the lower bound for 
n=24 from 4 to 5. In each of these orthogonal sets the Latin squares are all 
transversal identifying and all contain like subsquares. ‘7’ 1992 Academic Press, Inc. 
A Latin square of order n is an n x n matrix each of whose rows and 
columns is a permutation of a set of n elements. Two Latin squares of order 
n, A = (Us) and B= (h,), are orthogonal if the n2 pairs (a,, h,,) 
(i,j= 1, 2, . ..) n) are distinct. A set A = {A,, A,, . . . . Ak) of Latin squares of 
order n is mutually orthogonal, provided Ai is orthogonal to A, for each 
i# j. 
Latin squares were first studied by Euler [3] in 1782. He showed that 
if n is odd or n = 0 (mod 4), then there exists at least one pair of 
orthogonal Latin squares of order n. He also conjectured that if IZ = 2 
(mod 4), then a pair of orthogonal Latin squares of order n does not exist. 
In 1900, Tarry [lo] proved Euler’s conjecture for n = 6 by exhaustive 
enumeration. The first general results on the construction of mutually 
orthogonal Latin squares were given by MacNeish [S] in 1922. For p a 
prime, he showed how to construct a set of p - 1 mutually orthogonal 
Latin squares of order p. And for u = pTi .pT2.. .p:, where pi, p2, . . . . pr are 
distinct primes, MacNeish showed how to construct a set of m(u) = 
min(py’, p’;‘, . . . . p:) - 1 mutually orthogonal Latin squares of order u. He 
further conjectured that m(u) was the maximum number of mutually 
orthogonal Latin squares of order u. Both conjectures stood until 1958 
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when Parker [6,7] disproved MacNeish’s conjecture. Following Parker’s 
lead, Bose and Shrikhande [l] gave a counterexample to Euler’s 
conjecture in 1959. Shortly thereafter, Bose, Shrikhande, and Parker [2] 
disproved Euler’s conjecture for all n > 6 and n = 2 (mod 4). 
Let N(o) denote the maximum number of mutually orthogonal Latin 
squares of order u. Little is known about N(u) except N(u) d u - 1 and 
equality is attained when u is a prime power. In 1961, Johnson, Dulmage, 
and Mendelsohn [4] introduced the concept of orthomorphisms for Latin 
squares and established that N( 12) > 5, using orthomorphisms of the group 
Z, 0 Z,. By considering orthomorphisms of Z,,, Schellenberg, van Rees, 
and Vanstone [9] showed in 1978 that N( 15) > 4. Recently, in 1987, Roth 
and Peters [S] employed orthomorphisms of the group Z,@Z,@Z, to 
prove that N(24) > 4. By making use of transversal designs, D. T. Todorov 
[l l] showed in 1989 that N(20) > 4. 
NOTATION AND DEFINITIONS 
Throughout this article we will restrict our attention to Latin squares of 
order n in which each row and each column is a permutation of the set 
v, = { 1, 2, . ..) n}. For n = 2, 3, 5, and 7 let S, denote the symmetric Latin 
square with elements siJ = 3 - i-j= k E I’, where addition is modulo n. 
Thus, 
s2=(i ;>, s3=(; ; i), s5j ; / / ;). 
Two Latin squares of order n, A = (Q) and B = (b,) are orthogonal if the 
n2 pairs (a+ 6,) (i, j= 1, 2, . . . . n) are distinct. Accordingly, the Latin square 
S, is orthogonal to 
1 2 3 
D,= 3 1 2 . 
( 1 2 3 1 
To verify that S3 is orthogonal to D, one could first form the .2 ordered 
pairs 
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And then either 
(i) Show that the pair in the 1, 1 location of (S,, D3) is distinct from 
the other six pairs in columns 2 and 3, show that the pair in the 1, 2 
location of (S,, D,) is distinct from the six pairs in columns 2 and 3, 
and SO forth. This process is very inefficient and requires n(n(n - 1)) + 
n(n(n - 2)) + ‘. + n(n) = n’(n(n - 1)/2) = (n4 - n3)/2 comparisons of 
ordered pairs. The comparision of an ordered pair, itself, requires 1 or 2 
comparisons. Or 
(ii) Locate the ordered pair in the first column with 1 as the first 
element and save the second element of that ordered pair in an array. (On 
the average this search will require n/2 comparisons.) Locate the ordered 
pair in the second column with 1 as the first element and save the second 
element in the array. Once all n columns have been examined and the 
second elements saved in an array, the elements of the array are compared 
and proven distinct. This requires (n - 1) + (n - 2) + . . . + 1 = n(n - 1)/2 
comparisons. Thus, to show that the ordered pairs with 1 as first element 
are distinct requires (n/2) .n(n - 1)/2 comparisons and to show that 
all ordered pairs are distinct requires n (n/2) .n(n - 1)/2 = (n4 - n’)/4 
comparisons. 
Thus, the most inefficient and naive method of verifying the 
orthogonality of two Latin squares of order n requires (n”-n3)/2 
comparisons of ordered pairs. The comparison of an ordered pair, itself, 
requires one or two comparisons. The second, slightly more sophisticated 
algorithm, requires only half the number of comparisons or (n” -n’)/4 
comparisons. 
We now describe two new concepts which we have used in computer 
algorithms to produce new sets of mutually orthogonal Latin squares for 
n = 12, 15, 20, 21, and 24. The first concept is that of a “transversal iden- 
tifying Latin square” and the second concept is that of “like subsquares.” 
A transversal in a Latin square is a set of locations, no two from the 
same row or same column, all occupied by distinct symbols. For example, 
T= ((1, 11, (2,3), (392)) IS a transversal for D,. In S, the set T is the set 
of locations where the element 1 occurs. We define the Latin square A to 
be a transversal identifying Latin square if in every column j, the element i 
appears in row a,-. That is, a Latin square A is a transversal identifying 
Latin square if i appears in location (a,,, j) for ail i, j= 1, 2, . . . . n. S, and 
D,, a column permutation of S, in which the first column is fixed, 
are transversal identifying Latin squares. Clearly, if L is a transversal 
identifying Latin square, then any column permutation of L is also a 
transversal identifying Latin square. 
Let L be a transversal identifying Latin square of order n and let M be 
any other Latin square of the same order. Since the elements of row 1 of 
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L indicate the locations of 1 in L, to verify that the ordered pairs of (L, M) 
which have 1 as first element are distinct requires only n(n - 1)/2 
comparisons. Thus, a search of average length n/2 and the time required to 
store elements in an array is saved when checking for the orthogonality of 
a pair of Latin squares in which one square is transversal identifying. 
Hence, when one Latin square in a pair is transversal identifying, the 
number of comparisons required to verify orthogonality is n2(n - 1)/2. 
If all Ai of some set of Latin squares A = (A,, A,, . . . . Ak} are trans- 
versal identifying, then the number of comparisons required when 
checking for mutual orthogonality is k(k - 1) n2(n - 1)/4 as compared to 
k(k - 1) n3(n - 1)/4 when no Latin squares are transversal identifying. 
If an entry a occurs in a matrix a certain number of times, we will say 
that a occurs with frequency f(a). Two matrices, T and U, with common 
entries a,, u2, . . . . a, are said to be like if fT(ui) =fU(ui) for all i. 
Let A be a Latin square of order n where n = mk. A is uniformly purti- 
tioned into m2 like subsquares of size k x k if the mz subsquares occur in m 
sets of m like square matrices. 
For example, 
s,2 = 
i-21 T22 T23 T24 
T,, T,, T,, TM 
T,, Tu T43 T+, 
32 46 
321 65 
213 54 
465 13 
654 32 
546 21 
= 
7 9 8 10 12 
9 8 7 12 11 
8 7 9 11 10 
101211 79 
121110 98 
-11 10 12 8 7 
3 
11 
10 
12 
8 
7 
9 
7 9 8 10 12 11. 
9 8 7 12 11 10 
8 7 9 11 10 12 
10 12 11 7 9 8 
12 11 10 9 8 7 
11 10 12 8 7 9 
1 3 2 4 6 5 
3 2 1 6 5 4 
2 1 3 5 4 6 
4 6 5 1 3 2 
6 5 4 3 2 1 
5 4 6 2 1 3- 
is a symmetric, transversal identifying Latin square with like subsquares. 
In this instance, n = 12, m = 4, k = 3, and the m distinct sets containing 
m subsquares with the property that all subsquares in the same set 
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contain the same k* elements are U, = {T,,, Tz2, T33, T,,}, U,= 
fT12jT21,T34,T43)t U3= (T13,T24,T31yT42)r and U,= {T14vT23yT32,T41j. 
In this case, the subsquares in each set, U, , U,, U,, and U,, are more than 
like, they are identical. 
RESULTS 
We begin the construction of a set of mutually orthogonal Latin squares 
by selecting a symmetric, transversal identifying Latin square S. New Latin 
squares are formed by permuting columns of S. Squares orthogonal to S 
are constructed one column at a time. That is, an entire Latin square is not 
constructed and then checked for orthogonality. Instead, the first column 
is selected identical to the first column of S, a possible second column is 
selected from the columns of S and a check for partial orthogonality of the 
first two columns with the first two columns of S is made. If the second 
column is acceptable, a third column is selected and checked for partial 
orthogonality. If S is a transversal identifying Latin square, the computing 
time required to check for orthogonality is reduced. If the permutations of 
columns of S are chosen from the set of permutations which produce new 
Latin squares that have like subsquares, then the computing time required 
is reduced even more. 
To illustrate the significance of employing the transversal identifying 
property and the like subsquare property when searching for mutually 
orthogonal sets, we ran the following three searches for n = 12 on a 
microcomputer with 286-chip technology operating at 8 MHz. Each search 
was initiated with a set containing only one Latin square, S,,. Each search 
was identical in every aspect except for the use or non-use of the two 
properties under investigation (see Table I). From this data we see that 
using the transversal identifying property reduced the search time by 
59.7 % and that using the like subsquares property reduced the search time 
an additional 31.0 %. That is, for n = 12, using both properties reduces the 
search time by a factor of 10. 
TABLE I 
Searches for Mutually Orthogonal Latin Squares of Order 12 
Search 
Transversal Like 
identifying subsquares Required search time 
A 
B 
C 
No 
Yes 
Yes 
No 
No 
Yes 
8h24min 
3 h 23 min 
47 min 
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For n = 12, N( 12) > 5. The exhaustive search C, which required 47 min 
produced a total of 24 sets containing live mutually orthogonal Latin 
squares with like subsquares which are all column permutations of S,,. 
These sets are maximal in the sense that no Latin square which is a column 
permutation of S,, is orthogonal to each member of the set. One such set 
consists of S,, and the four Latin squares displayed in Fig. 1. In A one set 
of like subsquares is {A,,,A32,A43,A24} and A,,=A,, and A,,=Az4. 
Likewise in B, B,, = B,, and Bz3 = B,,. In C a set of like subsquares 
TD ‘C;, Gg $33 plL and in D a set of like subsquares is 
l$e f~~~ow~~g thee Latin squares of order 4 are mutually orthogonal 
Here X denotes the Kronecker product. When the 3 x 3 subsquares of U, 
are identified with 1, the subsquares of U, are identified with 2, the 
subsquares of U3 are identified with 3, and the subsquares of U4 are 
identified with 4, then S,2 has a subsquare structure pattern identical to Sq. 
Associating the like subsquares A,,, A32, A,,, AZ4 with 1, the like 
subsquares A,,, A,,, A,,, A,, with 2, the like subsquares A,,, A,,, A,,, 
A,, with 3, and the like subsquares A,,, Azz, A,,, A,, with 4, we see that 
A has a subsquare structure pattern identical to Y. In a like manner B, C, 
and D can be seen to have a subsquare structure pattern identical to Z. 
FIG. 1. Mutually orthogonal Latin square of order 12 with like subsquares based on &. 
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S, and D, are two mutually orthogonal Latin squares of order 3. A set 
of live mutually orthogonal Latin squares of order 12 based on S3 is shown 
in Fig. 2. E = S, x (S? x S,) has a like subsquare structure pattern identical 
to S, while F, G, H, and I all have like subsquare structure patterns 
identical to D,. The set shown in Fig. 2 is maximal in the sense that no 
Latin square which is a column permutation of E is orthogonal to each 
member of the set. 
In order to generate a Latin square A which is orthogonal to a given 
transversal identifying Latin square S, which is a column permutation of S 
and which has like subsquares, the square A is partitioned into subsquares 
and a structure pattern is selected for A. Since A is obtained from S by 
column permutations, the location of the set of subsquares like the sub- 
square A,, in a particular pattern determines a subset of columns of S that 
may occur as any specified column of A. For n = 12, 15, 21, and 24, the 
search for an orthogonal Latin square based on Sqr S,, S7, and S,, 
respectively, with like subsquares appearing in a specified structure pattern 
reduces the “worst case search” from one requiring (n - 1 )! column 
permutations as outlined in Table II. 
FIG. 2. Mutually orthogonal Latin squares of order 12 with like subsquares based on S,. 
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TABLE II 
Number of Column Permutations 
Any Latin square Latin square with like subsquares 
n (n-l)! (overestimate (6.3)(9.6 .3)““m3 6!) 
12 3.99 x 10’ (6.3)(9.6.3)6! =2.10x106 
15 8.72 x 10” (6.3)(9~6.3)26!=3.40x108 
21 5.11 x 1OL9 (6.3)(9.6.3)46!=8.93x101z 
24 6.20 x 1O23 (6.3)(9.6.3)’ 6! = 1.45 x lOI 
N( 15) > 4 and by exhaustive search we have produced a total of 360 sets 
consisting of four mutually orthogonal Latin squares with like subsquares 
which are all column permutations of S,s = S, x S3. All of these sets are 
maximal in that no column permutation of S,, is orthogonal to each 
member of any set. One such set is displayed in Fig. 3. The following four 
Latin squares of order 5 are mutually orthogonal: 
The Latin square S,, has a subsquare structure pattern identical to S,, 
J has a subsquare structure pattern identical to P, K has a pattern identical 
to Q, and L has a pattern identical to R. 
The set of four mutually orthogonal Latin squares of order 15 shown in 
Fig. 3 was generated on the same microcomputer using the transversal 
identifying and like subsquares properties. The search was begun with a set 
containing only the Latin square S,,. This particular search required 
5 h 13 min and produced three additional sets of four mutually orthogonal 
Latin squares each of which included the subset (S,s, J, K}. 
We will abbreviate the column permutation 
1 2 3 .‘. n 
7c(l) n(2) 7r(3) ‘.. 77(n) > 
by simply writing n( 1) rc(2) lr(3) . . . n(n). As we noted earlier, when a Latin 
square A is partitioned into subsquares and a like subsquare pattern 
selected, the location of the subsquares like the subsquare Al, determines 
the subset of columns that may occur in a specified column of A. In order 
to abbreviate a like subsquare structure pattern, we order the subsquares 
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of A which are like A,, by their block column number and write only their 
block row numbers. For example, in Fig. 1 the set of like subsquares 
containing A i , in the Latin square A in block column order is 
{A,,, A,,, A,,, A,,}. Hence, we say the like subsquare pattern is 1342. The 
column permutations and like subsquare patterns for the mutually 
orthogonal sets of Latin squares appearing in Figs. 1, 2, and 3 are given in 
Parts I, II and III of Fig. 4, respectively. 
After some experience generating sets of mutually orthogonal Latin 
squares, it is reasonable to begin searches with a set consisting of two or 
more orthogonal Latin squares. A search for orthogonal squares of order 
15 was initiated with the set consisting of the two orthogonal squares 
I. Five Mutually Orthogonal Latin Squares of Order 12 with 
Like Subsquare Structure Pattern S4 (Sl2 = s4 x S3) 
Column Permutations of 512 Like Subsquare 
Pattern 
s12: 
; 
4 
A: ; ; 7 ; 
6 7 8 9 10 11 12 1234 
8 11 10 12 5 4 6 1342 
B: 1 41210 7 3 5 9 2 8 611 1423 
c: 1 5 11 212 9 3 6 7 410 8 1423 
D: 1 9 4 810 5 6 211 712 3 1423 
II. Five Mutually Orthogonal Latin squares of Order 12 with 
Like Subsquare Structure Pattern S., (E = s3 x S4) 
Column Permutations of E Like Subsquare 
Pattern 
E: 12 3 4 5 6 7 8 9 10 11 12 132 
F: 14 6 7 912 2 3 5 8 10 11 123 
G: 1 3 8 6 2 4101211 9 7 5 123 
H: 15 2 9 6 11 3 10 712 8 4 123 
1: 1 8 4 10 12 311 5 2 6 9 7 123 
III. Four Mutually Orthogonal Latin Squares of Order 15 with 
Like Subsquare Structure Pattern S5 (S15 = S5 X S3) 
Column Permutations of 515 Like Subsquare 
Pattern 
S15: 3 
; : 2 
4 5 6 7 8 9 10 11 12 13 14 15 15432 
J: 15 14 13 10 12 11 9 8 7 4 6 5 12345 
I?: 14 a 3 12 14 5 9 10 13 2 6 15 11 7 13524 
L: 1 515 6 11 7 14 10 3 8 4 2 12 9 13 14253 
IV. Four Mutually Orthogonal Latin Squares of Order 15 vith 
Like Subsquare Structure Pattern S3 (Ml = S3 x S5) 
Column Permutations of Ml Like Subsquare 
Pattern 
M1::234567a 3 5 7 9 11 13 15 2  9 2 10 4 11 6 12 8 13 0 14 2 15 4 132 23
M3: : 4 13 15 7 3 12 6 811 5 10 14 2 9 123 
M4: 9 8 3 13 12 10 2 514 4 7 15 6 11 123 
FIG. 4. Sets of mutually orthogonal Latin squares of various orders with like subsquares. 
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V. Four Mutually Orthogonal Latin Squares of Order 20 with 
Like Subsquare Structure Pattern S5 W1 = S5 X S4) 
Column Permutations of N1 
N1::i34567 : 4 2 17 19 20 2 18 8 13 9 10 5 11 6 12 4 13 0 14 2 15 1 16 9 17 6 18 8 19 7 20 5 
N3: 1 4 2 3 13 16 14 15 7 6 8 5 19 18 20 17 12 9 11 10 
N4: 1 5 11 20 14 7 18 10 16 19 6 3 15 8 12 2 9 17 13 4 
Like Subsquare Pattern 
Nl 15432 
N2 12345 
N3 13524 
N4 14253 
VI. Four Mutually Orthogonal Latin Squares of Order 20 with 
Like Subsquare Structure Pattern S4 (01 = S4 x S5) 
Column Permutations of 01 
ol: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
02: 15 4 3 2 11 15 14 13 12 17 16 20 19 18 7 610 9 8 
03: 1 3 16 11 8 15 20 18 6 2 14 17 9 5 10 12 4 7 13 19 
04: 119 8 6 15 5 13 20 14 9 2 18 7 11 4 17 10 16 12 3 
Like Subsquare Pattern 
01 1234 
02 1342 
03 1423 
04 1423 
VII. Four Mutually Orthogonal Latin Squares of Order 21 with 
Like Subsquare Structure Pattern S, (PI = S7 x S3) 
Column Permutations of Pl 
il; 2' 12  3 2 3 19 4 21 5 20 6 16 7 18 8 17 9 10 5 11 4 12 3 13 2 14 1 15 0 16 9 17 8 18 7 19 5 20 4 21 6 
P3: 1 21 10 8 20 11 19 16 7 9 6 18 5 17 14 4 3 15 12 13 2 
P4: 1 12 17 16 2 915 3 8 19 7 14 20 6 13 10 21 5 4 18 11 
Like Subsquare Pattern 
Pl 1765432 
P2 1234567 
P3 1526374 
P4 1642753 
VIII. Five l4utually Orthogonal Latin Squares of Order 24 with Like 
Subsquare Structure Pattern SS (Q1 = Sg X S3 = ((S2 x S2) x S2) x S3) 
Column Permutations of Ql 
Q112 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 
Q213 2 7 9 8 13 15 14 19 21 20 11 10 12 5 4 6 23 22 24 17 16 18 
Q3 1 4 12 22 19 15 16 13 21 7 10 6 5 9 2 20 18 23 14 24 17 11 3 8 
Q4 1 5 8 19 23 14 22 20 17 4 2 11 18 24 13 12 6 7 9 3 10 15 21 16 
Q5 1 6 10 16 15 19 4 3 7 13 18 22 9 5 11 24 14 20 12 2 8 21 17 23 
Like Subsquare Pattern 
Ql 12345678 
Q2 13574286 
Q3 18632754 
Q4 17826435 
Q5 16253847 
~1GUP.E 4-Coniinued. 
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M, = S3 XSs and M, of Part IV of Fig. 4. This search required 54 min to 
generate the mutually orthogonal set {M,, M2, M3, M4}. This set is 
maximal in that no column permutation of M1 is orthogonal to each 
member of the set. 
The set of four mutually orthogonal Latin squares of order 20 displayed 
in Part V of Fig. 4 was generated in 5 h 13 min, starting with the initial set 
of squares {N,, Nz, N3} and specifying the like subsquare pattern 14253 
for the fourth Latin square. The set {N, , NZ, N,, N4} is maximal in that 
no column permutation of N, is orthogonal to each member of the set. 
Beginning with the initial set (0,) O,], specifying the like subsquare 
pattern 1423, and requiring the second column of the third Latin square to 
be column 3 of 0, and the second column of the fourth Latin square to be 
column 19 of 0,) we were able to generate the set of four mutually 
orthogonal Latin squares of order 20 shown in Part VI of Fig. 4. This set 
is maximal in the sense used in this article. The search required 
approximately 72 h on a 386-chip technology microcomputer operating at 
16 MHz. 0, = S,XS, and O2 was chosen by analogy with the subsquares 
of A. 
Given the two orthogonal squares of order 21, P, and P, of Part VII of 
Fig. 4, and given a subsquare structure pattern, it requires between 12 and 
13 h on a 386-chip technology microcomputer operating at 16 MHz to 
generate all Latin squares of order 21 with the given pattern and 
orthogonal to P, and PT. P, = S,XS, and P2 was chosen by analogy with 
the subsquares of J. To obtain all the Latin squares of all the patterns 
orthogonal to P, and P2 and to complete the search by checking for 
mutual orthogonality requires approximately 70 h execution time. During 
this search, live additional sets of four mutually orthogonal Latin squares 
were discovered. These sets are maximal in the usual sense. Two of these 
sets contained-in addition to P, and P,-one Latin square with like 
subsquare pattern 1526374 and one with pattern 1642753. Three other sets 
contained one Latin square with like subsquare pattern 1357246 and one 
with pattern 1473625. By replacing P, with a similar Latin square with like 
subsquare pattern 1234567 we were able to produce six sets of mutually 
orthogonal squares with like subsquares which contain one subsquare with 
pattern 1473625 and one with pattern 1526374. 
Let Q = ((S,XS,) XS,) XS, = S,XS,. We may also write Q, as 
Q,-( s12 ““s’l,>, 
As,, + 12 12 
where S12 + 12 denotes the 12 x 12 array obtained from S,, by adding 12 
to each element. Observe that Q, is a symmetric, transversal identifying 
Latin square of order 24 with like subsquares. In fact, Q, may be viewed 
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as an 8 x 8 array of 3 x 3 subsquares. Let QiJ denote the 3 x 3 subsquare in 
rows 3i - 2, 3i - 1, 3i and columns 3j - 2, 3j - 1, 3j of Q. A search for sets 
of mutually orthogonal Latin squares of order 24 was initiated using the set 
{ Qi, Q,, Q3) of Part VIII of Fig. 4. Qz has like subsquare pattern 
13574286 and was selected by analogy with A. Indeed Qi’ = QF= Q:” = 
Qy=A”=A” and Qt’= Q:” = Qf = Q:” = A43 = A24. Likewise Q3 has 
like subsquare pattern 78632754 and was selected by analogy with B. In 
fact, Q:’ = Qi’ c Qt’ z B” = B42 and Qz” z Qz” = Q:’ = Q!” = B23 = B34. 
Beginning with {Q,, Q?, Q3}, specifying a like subsquare pattern 
17826435, and requiring the second column of the fourth Latin square to 
be column 5 of Q,, we were able to generate the set of four mutually 
orthogonal Latin squares { Ql, Qz, Q,, Q,} of Part VIII of Fig. 4 in 
14 min. Two additional sets of four mutually orthogonal Latin squares 
were also generated. Beginning with {Q,, Q2, Q3, Q4}, specifying the like 
subsquare pattern 16253847, and requiring the second column of the fifth 
Latin square to be column 6 of Q r, we were able to generate the set of 
live mutually orthogonal Latin squares of order 24 displayed in Part VIII 
of Fig. 4 in 3 4 min. This set is maximal in the sense that no Latin 
square which is a column permutation of Q, is orthogonal to each member 
of the set. 
We searched for additional sets of mutually orthogonal Latin squares of 
order 24 by starting with {Q, , Qz > and generating all Latin squares whose 
second column was column 4 of Q, and whose like subsquare patterns 
were 14768523, 15487362, 16253847, 17826435, and 18632754. In 45 h 
computing time, 451 such Latin squares were produced. Next, we started 
with (Q,, Q,} and generated all Latin squares whose second column was 
column 5 of Q, and whose like subsquare patterns were the same as above. 
A total of 449 squares of this type were found. This search also required 
45 h. These two sets of squares were compared for orthogonality and 90 
sets of four mutually orthogonal squares were discovered. Each of these 
sets was used as an initial set in a search for more mutually orthogonal 
squares. In all these searches, all like subsquare patterns 12345678, 
13574286, . . . . 18632754 were included. The total computing time required 
was 320 h. A total of 191 sets of live mutually orthogonal Latin squares 
were discovered. Each of which is maximal in our usual sense. Of the 
90 sets of four mutually orthogonal squares, 43 could not be enlarged to a 
set containing five mutually orthogonal squares. 
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